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Abstract 

We show existence and uniqueness of a continuous with polynomial growth viscosity solution of a system of 
second order integral-partial differential equations (IPDEs for short) without assuming the usual monotonicity 
condition of the generator with respect to the jump component as in Barles et al.’s article [2]- The Levy 
measure is arbitrary and not necessarily finite. In our study the main tool we used is the notion of backward 
stochastic differential equations with jumps. 
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1 Introduction 


The main objective of this paper is to deal with the following system of integral-partial differential equations: 
Vf G {1,... ,m}, 

—dtu^{t, x) — b{t, x)^DxU^{t, x) — ^Tr(tTcr^(t, x)Dl^u^{t, cc)) — x) 

-h^^'>{t,x,{u^{t,x))j=i^m,{<^^Dj;U^){t,x),Biu'^{t,x)) = 0, {t,x) e [0,T] x 

^ u^{T,x)=g\x) 

where the operators Bi and K are defined as follows: 


BiU^{t, x) = /g 7 *(f, X, e) X + j3{t, x, e)) — ugf, x)) X{de) and 
Ku^{t, x) = /g X + I3{t, X, e)) — u^{t, x) — (3{t, x, e)^x)) X{de) 


( 1 . 2 ) 


where A is a Levy measure on E — {0} which integrates the function (1 A \e\^)e^E- 

The second order system of equations mD is of non-local type since the operators BiU^ and Art* at {t,x) 
involve the values of Ui in the whole space and not only locally, i.e. in a neighbourhood of {t,x). 

This system of IPDEs, introduced by Barles et al. in [2], is deeply related to the following multidimensional 
backward stochastic differential equation (BSDE for short) with jumps whose solution, for fixed {t,x) G [0, T] x R.^, 
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is a triple of adapted stochastic processes UI'^)s<t with values in R™ x x L^{X) which mainly 

satisfy: Vi G m}, 


_dY-.t,. = xl’-, (r/V.-) 7 ,(s, Xl’-, e)WY’-ie)Xide))ds 

-Z::’^’-dBs- JEUl’*’-{e)fi{ds,de), ys<T-, 


(1.3) 




where: 

(i) B := {Bs)s<t is a d-dimensional Brownian motion, /i an independent Poisson random measure with 
compensator dsX(de) and fl{ds,de) := g,{ds,de) — dsX{de) its compensated random measure ; 

(ii) for any {t,x) £ [0,T] x R^, s<T is the solution of the following standard stochastic differential 

equation of diffusion-jump type, i.e., 


Xl'^ = X + b(r, X*’^)dr + a{r, X*'^)dBr + // /g /3(r, , e)fl{dr, de), for s G [t, T] and X^’^ = x ii s < t. 

(1.4) 


Actually it has been shown in [5] that, under standard assumptions on the functions b, a, j3, g'‘, and ji 
and due to the Markovian framework of randomness which stems from the Markov process there exist 

deterministic continuous functions (u*(t, a:))i=i^m such that for any s G [t,T], 




(1.5) 


Moreover if for any i = 1,..., m, 

(a) 7 * > 0 ; 

(b) the mapping g G R i—>■ x, y, z, q) is non-decreasing, when the other components {t, x, y, z) are fixed ; 

then the functions (it*)i=i,m is the unique continuous viscosity solution of system CH) in the class of functions 
with polynomial growth (at least). Conditions (a)-(b), which will be referred as the monotonicity conditions, are 
needed in [ 2 ] in order to have the comparison property and to treat the operator BivX which is not well-defined 
for an arbitrary u. However we should point out those conditions are not required in order to show the existence 
and uniqueness of the solution (F*’^, of BSDE (fTiTll . 

Therefore the main issue is to deal with the viscosity solutions of system KLU without assuming the above 
conditions (a)-(b) neither on 7 ^ nor on i = 1, A step forward in the resolution of this problem is 

made by Hamadene-Morlais in [7] where it is shown that, when the Levy measure A is finite i.e. X{E) < 00 , then 
system (HD has a unique solution which is given by the functions {u'^)i=i,m defined in (HD- 

The main objective of this paper is once more to deal with the problem of existence and uniqueness of a 
viscosity solution of system of IPDEs (ED without assuming the monotonicity conditions neither on 7 ^ nor on 
i = l,...,? 7 i and for an arbitrary Levy measure A without assuming its finitness as in [7]. There are two 
crucial points. The first one is the characterization dUD below of the process = {U^’*’^)i=i,m of the solution 
of the BSDE (11.31) by means of the functions {u^)i=i,m defined in (ll.5|) and the jump-diffusion process A*’^. 
Actually, using the truncation method at the origin of the Levy measure A we show that for any i = 1,..., m, 

Uf’^{e)=u\s,Xl':^ + f]{s,Xl’^,e))-u\s,Xl’^), ds (g) dF (g) dX on [t,T] x D x A. (1.6) 

The second one is the local boundedness of the increment rate w.r.t x of the functions u® which is obtained under 
reasonnable conditions on the functions and 7 ^. Those facts allow us to avoid to replace with Bicf) 
where (j) is the test function, as in [5] . We then introduce a new definiton of the viscosity solution of system (ED 
and relying on Barles et al.’s result [7] and, on the other hand, on BSDEs with jumps ones we show that the 
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functions defined in m is the unique viscosity solution of system (du. Our definition of a viscosity solution 
of (11.11) is not the same as the one in [5] and looks like to the one given in [7]. This is the novelty of this paper 
and according to our best knowledge this result is not obtained yet in a so general framework. 

Note that there are also other papers on this topic of IPDEs amongst one can quote (D11H [S], etc. and 
the references therein). Finally let us point out that IPDEs which do not satisfy the monotonicity conditions are 
encountered in mathematical finance when dealing with the problem of liquidation of portfolios (see e.g. [5]). 

This paper is organized as follows. Section 2 is devoted to fix the framework on which we are working and, 
for completeness, to recall the state of the art on the main subject. Section 3 is mainly devoted to the proof of 
the relation (fTHI) . We first prove that the increment rates of the functions u*, i = 1, ...,m, are locally bounded. 
Later on, by the method of truncation of the Levy measure A at the origin in such a way to get into the setting 
of a finite Levy measure which is already considered in [7], we prove by approximations the relation (11.61) . In 
Section 4 we precise the notion of viscosity solution we are working with and we give the proof of the main result. 
We emphasize that this definition is not the same as the one in [2]. Finally new types of systems of IPDEs are 
introduced and discussed in Section 5. ■ 


2 Framework and state of the art 

Let (fl, P) be a stochastic basis such that Jq contains all P-null sets of and ■= (^£>0 ^t+e, 

t > 0, and we suppose that the filtration is generated by the two mutually independant processes: 

(i) B := {Bt)t>o a d-dimensional Brownian motion and 

(ii) a Poisson random measure /i on R+ x E, where E :=M.^ — {0} is equipped with its Borel field £{£>!)■ The 
compensator iy{dt, de) = dtX{de) is such that {/i([0, t] x A) = (/r — z^)([0, t] x A)}t>o is a martingale for all A G f 
satisfying A(g 1) < oo. We also assume that A is a cr-finite measure on (E, £), integrates the function (1 A jepjeeB 
and X{E) = oo. Note that the case when X{E) < oo is already considered in [7]. 

Next we denote by: 

(hi) V (resp. P) the field on [0,T] x II of (J^t)t<T-progressively measurable (resp. predictable) sets ; 

(iv) For K > 1, Lf.{X) the space of Borel measurable functions (p := {(p{e))eeE from E into such that 

\ip{e)\f.X{de) < oo ; Lf(A) will be simply denoted by L^(A) ; 

(v) 5^(R”) the space of ROLL (for right continuous with left limits) P-measurable and R'^-valued processes such 
that E[supg<j^ l^sP] < oo ; Ale is its subspace of continuous non-decreasing processes {Kt)t<T such that RTo = 0 ; 

(vi) the space of processes Z := {Zs)s<t which are P-measurable, R"^^‘^-valued and satisfying 
E[/p^ \Zs\’^ds\ < oo ; 

(vii) 'H^{L‘^{X)) the space of processes U := {Us)s<t which are P-measurable, L^(A)-valued and satisfying 

(viii) Ilg the set of deterministic functions w. {t,x) G [0,T] x R^ >->■ nj{t,x) G R of polynomial growth, i.e., for 
which there exists two non-negative constants C and p such that for any (t,a;) G [0,T] x R^, 

\w{t,x)\ < (7(1 -I- |a:|^). 

The subspace of Ilg of continuous functions will be denoted by 11° ; 

(ix) U the subclass of 11° which consists of functions $ : (t, x) G [0, T] x R^ i—>■ R such that for some non-negative 
constants C and p we have 

|<i)(t,a:) — $(t,a:')| < (7(1 -I- \x\^ + |a:'|^)|a; — x'\, for any t,x,x'. 
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(x) For any process 9 := {9s)s<t and t S (0,T], 9t- = lirng^t 9s and At9 = 9t — 9t- ; 

Now let h and a be the following functions: 

b : {t, x) e [0, T]xR'^ ^ b{t, x) e 
cr : {t,x) e [0,T] X a{t,x) G 

We assume that they are jointly continuous in {t,x) and Lipschitz continuous w.r.t. x uniformly in t, i.e., there 
exists a constant C such that 


V {t,x,x') G [0,T] X \b{t,x) — b{t,x'\ + |cr(t,a:) — a{t,x’)\ < C\x — x'\. (2.1) 

Let us notice that by (E3D and continuity, the functions b and a are of linear growth, i.e., there exists a constant 
C such that 

V {t,x) G [0,r] X |6(t,x)| + \<j{t,x)\ < C{1 + |x|). (2.2) 

Let P : {t, X, e) G [0, T] x x if >->• /3(t, x, e) G R^ be a measurable function such that for some real constant C, 
and for all e G E, 

(i) |/3(t,x,e)| < (7(1 A |e|); 

(ii) |^(t,x,e) -/3(t,x',e)| < (7|x - x'|(l A |e|); (2.3) 

(hi) the mapping (t, x) G [0, T] x R^ —>■ /3(t, x, e) G R^ is continuous for any e G E. 

Once for all, throughout this paper, we assume that conditions (EU, EED and (ESI), on b, cr and P respectively, 
are fulfilled. 

Next let (t, x) G [0,T] x R^ and [XI’^)s<t be the stochastic process solution of the following standard 
stochastic differential equation of diffusion-jump type: 


xi 


■ + // 6(r, Xp'^)dr -f a{r, Xp^)dBr + // /g P{r, X*’p, e)fl(dr, de), for s G [t, T\ and Xl'^ = x if s < t. 


(2.4) 

Under assumptions EH), EH and (12.31) the solution of equation (12. 4p exists and is unique (see [5] for more 
details). Moreover it satisfies the following estimates: Vp > 2, x,x' G R^ and s>t, 


]E[ sup \Xl’^ — x\^] < Mp{s — t){l + |x|^)] and E[ sup \Xl'^ — Xl’^ — {x — x')|^] < Mp{s — t)\x — x'\^ (2.5) 

rG[t,s] rG[t,s] 

for some constant Mp. □ 

We are now going to introduce the objects which are specifically connected to the BSDEs with jumps we will 
deal with. Let (5*)i=i,m and be functions defined as follows: For i = I, ...,m, 

: Rfe -Rm /i(i) : [0, T] X Rfe+"«+d+l -R 

and 

X I —> g’‘{x) {t,x,y,z,q) i —> E^>{t,x,y,z,q). 

Moreover we assume they satisfy: 

(HI): For any i G {1,..., m}, the function p* belongs to U. 

(H2): For any i G {1,..., m}, 

(i) the function is Lipschitz in {y,z,q) uniformly in (t,x), i.e., there exists a real constant (7 such that for 
any (t,x) G [0,r] x R'^, (y,z,g) and {y',z',q') elements of 


|hW(t,x,j/,z,g) - h^’'\t,x,y',z',q')\ < C{\y - y'\ -f |z - z'\ + \q - g'|); 


( 2 . 6 ) 
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(ii) the function (t, x) H> (t, x, y, z, q), for fixed {y, z, q) G belong uniformly to U, i.e., it is continuous 

and there exist constants C and p (which do not depend on (y, z, q)) such that, 

\h^'^\t,x,y,z,q) — h^''\t,x',y, z,q)\ < (7(1 + \x\^ + |a;'|^)|a; — x'\, for any t,x,x'. (2.7) 

Next let 7 i, i = 1,..., m be Borel measurable functions defined from [0, T] x x E into K and satisfying: 

(i) | 7 ,(t,a:,e)| < (7(1 A |e|) 

{a) | 7 j(t,a;,e) - 7 i(t,a;',e)| < (7(1 A |e|)|a; - a;'|(l + |a;|P + |a:'|P) (2.8) 

(Hi) the mapping t G [0,r] i —> 'yi{t,x,e) is continuous for any (x,e). 

Finally let us introduce the following functions (/^*^)i=i,m, defined by: 

y{t,x,y,z,C) G [0,r] X X L‘^{X), f^'^\t,x,y,z,C) ■= h^''\t,x,y,z, Jj^-fi{t,x,e)C{e)X{de)). (2.9) 

The functions i = 1,... ,m, enjoy the two following properties: 


(a) is Lipschitz in {y,z,<^), uniformly in {t,x), i.e., there exists a constant (7 such that 


l/W (t, a:, y, z, () - /W(t, a:, y', z', z')| < Ci\y -y'\ + \z 


^1 + IIC-C'IIl^(a)) 


since is uniformly Lipschitz in {y, z, q) and 7 ^ verifies (12.81) — (i). 


(b) the function (t,x) G [0,T] x >->• a:, 0,0, 0) belongs to 11^ and then E[/q^ |/(*)(r, 0, 0,0)pdr] < 00 . 


( 2 . 10 ) 


Let now {t,x) G [0,r] x and let us consider the following m-dimensional BSDE with jumps: 


ft,. _ g 52(R™), ZG- := G 772(R-X^),[/‘.- := G n\Ll^{X))- 

Vi G {1,..., m}, = g^{X^^) and 

- Zl’*’^dB, - Jj^Ui’*^^{e)ll{ds,de), Vs < T, 

( 2 . 11 ) 

where for any i G {1,..., m}, Z^’*’^ is the i-th row of and is the i-th component of Ul’^. 

The following result is related to existence and uniqueness of a solution for the BSDE with jumps (12.111) . Its 
proof is given in Li-Tang m (one can also see Barles et al. 0)- 


Proposition 2.1. (Tang-Li, Assume that Assumptions (H1)-(H2) hold. Then for any {t,x) G [0,T] x R^, 

the BSDE has a unique solution (Y^’^,Z^’^,U^’^). 

Remark 2.1. The solution of this BSDE exists and is unique since: 

(i) E[|( 7 (X^“)P] < 00 , due to polynomial growth of g and estimate i2.5\} on X*’^ ; 

(ii) for any i = 1,... ,m, verifies the properties \2.in) -(a).fb) related to uniform Lipschitz w.r.t (y,z,(() 

and ds (8 dP-square integrability of the process {f^''\s, 0 , 0 , 0 ))s<t- H 

Next, the following result proved in Barles et al. ( 0 , Proposition 2.5 and Theorems 3.4, 3.5), establishes the 
relationship between the solution of ( 12 . 111 ) and the one of system ( 11 . 11 ) . 

Proposition 2.2. (J^): Assume that (HI) and (H2) are fulfilled. Then there exist deterministic continuous 
functions (u*(t, a;))i=i_m which belongs to lig such that for any {t,x) G [0,T] x R^, the solution of the BSDE 
T2.11\} verifies: 

VzG {l,...,m}, VsG[t,r], Yf^’-=u\s,Xm- (2.12) 
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Moreover if for any i G {1,..., m}, 

(i) 7* > 0 ; 

(ii) for any fixed {t, x, y, z) € [0, T] x ffig mapping g G M i—S> x, y, z, g) G M is non-decreasing. 

Then the functions is a continuous viscosity solution (in Barles et al.’s sense, see DeRnition \5.2\ in 

Appendix) of the following system of IPDEs: Vi G {1,, m}, 


{ —dtu^{t,x) — b{t,x)^ DxU^{t,x) — ^Tr(crcr^(i, a;)) — Ku'^{t,x) 

-h^^\t,x,{M(t,x))j=i^rn,icr^Da,u'‘){t,x),BiU^(t,x)) =0, (t,x) G [0,r] xR'^; 

uHT,x) = g%x), 

where 

BiU^{t,x) = J^Y(t,x,e){u^(t,x-\-/3(t,x,e)) — u^(t,x)}X(de) and 

Ku^{t, x) = X + /?(i, X, e)) — a;) — l3{t, x, e)^DxU^{t, x)}X(de). 

Finally, the solution (u*(i, a;))i=i^m of \2.1S\) is unique in the class H^. 


(2.13) 


(2.14) 


Remark 2.2. (i) The solution u = (w*)i=i,m is also unique in the class of functions which satisfy the following 
weaker growth eondition: 

lim |u(t,a;)|e-'^['”(l“l)l'= 0 

|ai|—>-oo 

uniformly for t G [0, T], for some A > 0 (see w or il for more details). 

(ii) The functions verify the condition (A2.v) in m, pp. 73), under which uniqueness of the solution of 
h2.13\) is obtained, by the assumption (H2)-(ii). 


3 Estimates and properties 

Our next step is to provide estimates for the functions (u*)i=i_m defined in (12.121) . Recall that (F*’^, U*’^) := 

((F*;‘’“)i=i^m, (2'*’‘’“)i=i_m, is the unique solution of the BSDE with jumps (12.lip . 

Lemma 3.1. Under (H1)-(H2), for any p > 2 there exist two non-negative constants C and p such that 


E 


dsiljUl’^e)\^Xide))Y] = E ds||t/‘-nii^(A)} "] < ^^(1 + kH- (3-1) 


Proof. First let us point out that since Xl’^ = x for s G [0,t] then, uniqueness of the solution of BSDE (12.111) 
implies that 

Zl’^ = 0 and [/*’“ = 0, ds O dP — a.e. on [0,t] x Cl. (3.2) 

Next let p > 2 be fixed. Using the representation (I2.12L for any i G {1,..., m} and s G [t, T] we have 

y,*’‘’"= 5 *(X^")+ r f^^{r,Xl’-,{M{r,Xln)j=i,rn.Zf^^’\Uf^’^)dr- Zf^^’^dBr- T [ Uf*’^e)p{dr,de). 
J s J s J s J E 

(3.3) 

This implies that the system of BSDEs with jumps (12.lip turns into a decoupled one since the equations in (IT^ 
are not related each other. 

Next for any i = the functions u®, y® and {t,x) i-T- /(®)(t, x, 0, 0,0) are of polynomial growth and 

finally y i-7 /*'®^(t, x, y, 0,0) is Lipschitz uniformly w.r.t. (t,x). Then for some C and p > 0 


E 


|y®(X^")r + ( / |/W(r, X(’\ {u^{r, X(n)j=i,mA 0)pdr)« 1 < C(1 + jx^). 


(3.4) 
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Let us now fix io S m}. Let be the space of processes {Z, U) = {Zs,Us)s<t such that: 

(a) Z is P-measurable, R'^-valued and \Zs\'^ds)i] < oo ; 

(b) U is P-measurable, L^(A)-valued and E[(Jg^ Il^s|li 2 (>,)ds)?] < oo. 

For ( 77 , G BP let $( 77 , (^) = {Z, U) where {Y, Z, U) is the solution of the following BSDE: 
f Y &S'^{R),Z 


% = + /; (u^(r,X‘>-)),-=i,^,77.,Cr)dr - /J Z^dBr - /J Urie)il{dr, de), Vs < T. 


It implies that for any s < T, 


E, =E 




(3.5) 

(3.6) 


and then by Doob’s martingale inequality and Jensen’s one we deduce that 


E 


sup|i;r 

'-b<T 


< CpE 


|g*o(X^")r+ T«( / |/(*o)(r,X;’^(u^■(^,J^;’")),=l.^,77,,Cr)Pdr)^l (3.7) 


where Cp is, along with this proof, a constant independent of T which may change from line to line. On the 
other hand, by the Burkholder-Davis-Gundy inequality and Doob’s martingale one (see e.g. nni) we have 


E 


(/o^ \Zr\^dr + Io \\Ur\\l2(^x)drV^ 


< CpE 


suPt<T I fo ZrdBr + fg fp; Ur{e)il{dr, de)\P 


< CpE 


{sup^<T +/o^ \ ,{u^ {r,Xl’^))j^i^rn,VTXr)\drY 


and taking into account (1X71) and once more Jensen’s inequality we deduce that 


E 


(/ \Zr\^dr+ ||G.||i2(,)dr)^ 
Jo Jo 


< CpE[|g*«(X^’")|P + r5( / |/(*«)(r,x;>x(u^'(r,x;'")),-^i,„,r7„c.)|'dr)i 

(3.8) 

It means that $( 77 ,^) G B^, for any ( 77 , C) G B^. On the other hand, let us set (Z^,U^) = $( 77 ^, (^^). Then 
{Y — Y^, Z — Z^,U — U^) verify the following BSDE: for any s <T, 

Ys - Xp-, (u^ (r, x;’-)),=i.^, 77., Cr) - XI’-, {u\r, Xl’-))j^,^^, rilXl)}dr 

- Jj{Zr - Zl)dBr - Jj fp,me) - U^emdr, de). 

As is Lipschitz then, in the same way as previously in considering the BSDE dSH), we obtain: 


(3.9) 


E 


(/ \Zr-Z^\^dr+ \\Ur-U^\\i2^^^dr) 


< CpT^E 


i i\Vr-Vrr + Kr-CWLHX))dr)) 


Now let J > 0. In considering the previous BSDEs (I3.5I1 - (I3.9I1 for f G [T — 6,T] we obtain, in a similar way as 
previously, 

(e[( r HZr - + \\Ur - t/.'||i 2 (,))dr)ij) " < CpVj(E[( r (|77. - + lie. - C.')lli:.(A))rfO)^ 

Take 6 = (4(7^)“^, we obtain that $ is a contraction when we restrict time s to the interval [T — 6,T]. Then 
it has a fixed point which is nothing else but since the solution of the BSDE (13.31) is unique on 

[T-5,T]. 

Let us define now ||(77, C)IU,p ((ViC) G by: 

||(77,C)|U.p := {e[( r (I 77 .P + ||C.|li.(A))rfO^] }i- 
J T—S 
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Next let us consider the sequence of processes of defined by: 


C) = (0, 0) and for n > 1, (z", C) = C )■ 


It implies that 


and then 




But since $ is a contraction then we can easily show that 

Vn > 1, ||(2",C")llp.5 = ||<l>(^"-\C"-')llp.5 < 2\\{z\e)\\p,s. 


2"+i 


Thus for any n > 1 we have 

Next in the same way as in dSH) we have 

||(^\C')llp.5 < Cp(E[|5*«(X^’")r + di( r |/(*«)(r,x;’^(u^■(r,x;’")),=l,™,0,0)pdr)i])i 

Jt-s 

and then by (EH) we deduce that, for some non-negative constants C and p, 

||(^\C')IU<C'(l + |a:n 

which implies 

eRT \\ur-^n\hwdr)i]<c{l + \xn. 

Jt-s J 

Next on [t, T — i5] we have 

- de), t<s<T-S. 

The same calculations as previously lead to 

pT-S 


E 


(/ <c(i + ixn. 

JT-25 


(3.10) 


since u*°, like g^°, is of polynomial growth. Repeating now this procedure on [T — 36, T — 25], etc., and by (13.21) 
we obtain 

e[{ £ \m°-’nhwdrY] < C{1 + la^r)- 

Finally since ig G {!,..., m} is arbitrary we then obtain the estimate (13.IF 

Remark 3.1. The result of Lemma \3.1\ holds for functions i = l,...,m, satisfying the properties \2.1(]\) - 
(a),(b) only independently of the structure condition ^2..9I) . ■ 


Proposition 3.1. For any i = 1,... ,m, u® belongs to U. 











Proof: Let x and x' be elements of Let ^ (resp. be the solution of 

the BSDE (12.111) associated with {f{s,Xl’^,y,zX), 9 iX^^)) (resp. {f{s,Xl’^',y,zX),g{X!j^^ ))). Applying Ito’s 
formula to \Y*’^ — p between s and T and taking expectation yields: Vs G [t,P], 


E[|yM _ yM '|2 + ||az .|2 + ||AC /,||2 

(3.11) 

= E[|5(A^>") - g{X^/)\^ + 2/J((L;‘-" - Y^), A/(r))dr] 
where the four processes Af{r), AZ^, AUr{e), AY(r) and AA^ are defined as follows: Vr G [t,T], 

A/(r) := (A/W(r))i=i.^ = (/W(r, A‘>-, >;*■-, 17;^*’-) - /W(r, 

AZr- = Zl’^ - zy, AUr = - Uy,AY(r) = Y*’^ - Y^ = (A/'*’“ - and AA^ := A^-^ - A^’ 


((.,.) is the usual scalar product on K"*). As for any i G {1, ■ ■ ■ ,m}, 5 ® belongs to U and by (12.51) and finally 
using Cauchy-Schwarz inequality to obtain: 


E[|5(A^’") - g{X^/)f] < C(1 + |a:r + • 


Therefore, we only need to deal with the other term of the right-hand side of ()3.11|1 . i.e., 


2E[r{{Y:’^-Yy),Af{r))dr]. 

J S 


Taking into account the expression of given by (12.91) we then split A/(r) in the following way: for r < T, 
A/(r) = (A/(*)(r))i=i,^ = Ai(r) -k A 2 (r) H- A 3 (r) -k A 4 (r) = (A((r) -k A 2 (r) -k Al{r) + A\{r))i=i^„, 
where for any i = 1 ,..., m, 

A((r) = (r, A;’^ Y*’^,Zp*’^, j,(r, Xp^, e)Up*’^(e)X{de))- 

h(^'> (r, A*’"', 4 7 ,(r, A‘’^ e)Up*^%e)X{de)); 

A\{r) = (r, Xp-',Yp’^,Zp^’-, 7 ,(r, A*-", e)Up^’^{e)X{de))- 

(r, Xp -', Yp ’-', ZP^’\ 7 , (r, Xp^, e)[/;■*■" (e)X(de )); 

A^(r) = /i(*)(r, Xp^',Yp’^',Zp^’^, 7 ,(r, Xp^, e)Up^’^{e)X{de))- 

/»(*) (r, Xp^',Yp^^', Zp^’^'j^ Xp\ e)Up^’^{e)X{de))-, 

A\{r) = (r, Xp^',Yp’"\zp*’^'jj^ 7 ,(r, A^’", e)C/;;‘’"(e)A(de))- 

/i(*) (r, A^’^', 7 ,(r, xp^', e)up*’^' (e)A(de)). 

As verifies (12.71) and then by estimate (12.51) and Cauchy-Schwarz inequality we have: 

E[2 /^(Ay(r), Ai(r))dr] < E[i |AA(r)pdr + C^e /^(l + lA^’^l^ + IA^’^'H^IA^’" - A^-^'pdr] 

t/ S ^ t-' S t-' 5 

E[- / |Ay(r)|2dr] + (726(1 + jxpP + |x'|2P)|x - xf. 

^ J S 


< 


Besides since is Lipschitz w.r.t {y,z,q) then 


E[2 / (Ay(r), A 2 (r))dr] < 2CE[ ( |Ay(r)|2dr] 

J s J s 


(3.12) 


(3.13) 


9 






and 


E[2 f {AY{r), A 3 {r))dr]< E[i f \AY{r)\^dr + C^e f \AZr\^dr]. 

J s ^ j S j s 

It remains to obtain a control of the last term. But for any s € we have, 


(3.14) 


E 


2 / {AY{r), A 4 {r))dr 


<2CE / dr|Ay(r)|x|/ (e) 7 (r, , e) - ;7y'(e)7(r, e)) A(de)| 

^Js Je 

Next by splitting the crossing terms as follows: 

Ul’^eMs, - Ur\e)^{s, X*’"', e) = AU,{e)^{s, X‘>^ e) + U^'{e){^{s, X*’^ e) - 7 ( 5 , X^’^e)) 

and setting Ajs{e) := Xp^, e) — 7 ( 3 , X*’® ,e)) we obtain: 


E 


2 / {AY{r), A 4 {r))dr 


< 2CE 


2^ 
< -E 
e 


|Ar(r)| X ( / (|t/^‘■"^'(e)A 7 ^(e)| + |AC/^(e) 7 (r,X‘’"=,e)|)A(de))fir 


pT ^ ^ pT 

-i2 


\AY {r)fdr 


YC^eE 


\Ul’^ {e)A^r{e)\X[de)Ydr 


^Js JE 


+ C^eE 


E 


|AC/r(e)7{r,Xy,e)|A(fie))^dr 


(3.15) 


By Cauchy-Schwarz inequality, (12.51) and (j2.8l) -fiib and the result of Lemma [XT] it holds: 


E 


Is He WH{e)A"fr{e)\X{de)Ydr 


< E 


lldrdj^ \uH{e)\‘^Kde)){JE\Ajr{e)\‘^X{de)) 


< CE 


{l + sup,g[,,T] \x::’-\^p + \xy\^p) X sup,g[,,T] \xl^^-xy?} X H dr(/^|[/;--'(e)| 2 A(de)) 


< C^E [{1 + sup,g[,,r] iX^'^^p + |x‘’"'|4p)sup,g[*,^] |X‘’" - XH\^] X yE[{/Jdr(/^|C/‘’"'(e)PA(de))} 


< C\x — x'\^{l + \x'\^ + |x|^) 
for some exponent p. On the other hand using once more Cauchy-Schwarz inequality and (j2.8p -B') we get 


(3.16) 


E 


H He \AUr{e)-r{r,X^’^,e)\X{de)Ydr < E H dr{J^ \AUr{e)\'^ X{de)) {J | 7 (r, X*’=", e)pA(de)) 


(3.17) 


< CE 


Hdr{fj^ \AUr{e)\‘^X{de)) 


Taking now into account inequalities (j3.12p - (j3.17D we obtain: 

rT ^ 


t.x -{/-t.x' 1 2 


\Yr - Y, 


+E 
= E 


lAZrl^ + WAUrWY^^) 


dr 


|g(X^")-5(X^’")P 


‘-T 

^'|2 


+ 2E 


A/(r))dr 


< |a;-a;y(l + |a;|P + |x'|P)(C + C2e + C3e) + (-+2C)E / | AF(r)|2dr + C^e / \AZr\^dr] 


+C^eE 


dr{ J \AUr{e)\^X{de)) 


10 


















































Choosing now e small enough we deduce the existence of a constant C > 0 such that for any s € [t, T], 
E[|Ay(s)|2] < c\x - xf (1 + |xf P + |xpP) + CE 
and by Gronwall’s inequality this implies that for any s S 

E[|Ay(s)n < c\x - xf (1 + |xfp + |x|2p). 

Finally in taking s = t and considering (12.1211 we obtain the desired result. 

Remark 3.2. For any ^-valued function v which belongs to 14, the quantity BiV defined in is well posed 

since the functions j3 and (7i)i=i,m verify i2.3\} and i2.8\) respectively. M 

We are now going to express the process of the BSDE (I2.11|) by means of the functions This 

relation between u* and is a second crucial point in this paper. Actually we have: 

Proposition 3.3. For any i = 1,..., m, (t, x) € [0, T] x 

= u^(s,X*ffi + fi(s,X*ff:,e)) - u^(s,X*ff), dP 0 ds <g> dA - ae on fl x [t,T] x E. (3.18) 

Proof: First note that since the measure A is not finite, then we cannot use the same technique as in [7] because 
square integrable and not necessarily integrable wrt dP 0 ds 0 dA. Therefore we first begin by 
truncating the Levy measure. 


\AY{r)fdr 


Step 1: Truncation of the Levy measure 

For any k > 1, let us first introduce a new Poisson random measure /ife (obtained from the truncation of p) and 
its associated compensator Vk as follows: 


Pk{ds,de) = lpg|>^}/i(ds,de) and Vk{ds,de) = \k{de)ds := lpg|>^jA(de)ds 


which means that, as usual, pkids,de) := {pk — Vk)(ds,de), is the associated random martingale measure. The 
main point to notice is that Ak{E) < oo since A integrates (1 A |ep)ggB. 

Next, let us introduce the process solving the following standard SDE of jump-diffusion type: 


'Xl'^ = x + J^ b{rfiXf^)dr + // a{rfiXy)dBr 

+ It Ie l^('^^''^r-,(^)P'k{dr,de), s € [t,T]; 'Xl'^ = x if s < t. 


(3.19) 


Note that thanks to the assumptions on b, a and fi the process exists and is unique. Morever it satisfies 
the same estimates as in (1^ since \k is just a truncation at the origin of A which integrates (1 A \e\'^)eeE- 
On the other hand let us consider the following Markovian BSDE with jumps (similar as BSDE (12.111) 1: 


E[supg<^ ^ 


- Xf {^I^dBr + 'Vfi%e)pk{dr, de)}, s < T, 


(3.20) 


with, for any (t,x) G [0,T] x y G R"*, z = ( 21 ) 1 = 1 ,m G 


pm X d 


and ^ — (C*)*=i,m € ^mi.^'> 


fukif;X,y,z,Cl = [ful{t,x,y,Zi,C,i))i=i,m = (d^*)(t,x, 1 /, Zi,/g 7 i(t,x, e))Ci(e)Afc(de)))i=i,, 
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First let us emphasize that this latter BSDE is related to the filtration {Tg)s<T generated by the Brownian 
motion and the independant random measure /ifc. However this point does not raise major issues since for any 
s < T, Fg C Fs and thanks to the relationship between /i and ^k- 

Next by the properties of the functions b, a, (3 and assumptions (HI), (H2), (12.811 on the functions g, h and 7 
respectively, and according to Proposition [^D (see also m or 0 ), there exists a unique triple 
solving p.20l) . In addition, since the setting is Markovian, then by Proposition 12.21 there also exists a function 
from [0, T] x into K™ of H^ such that 

Vs e [t,T], := a.s. (3.21) 


Moreover as in Proposition l3.ll there exist positive constants C and p which do not depend on k such that: 

Vt,x,x', |■u*(^,x) —-u^(t,x')| < (7(1 + |x|^ + |x'|^)|x — x'|. (3.22) 

Finally as Xk is finite then we have the following relationship between the process and the 

determinstic functions = {u^)i=i,m. (see [7], Proposition 3.1, pp. 6 ): Vz = 1,... ,to, 


'=(7f’“(e) = uf(s,'=X*:! + ^(s,'=X*:!,e)) -uf(s,%':!), dP® ds® rfAj, - ae on H x [t,T] x E. 

This is mainly due to the fact that belongs to n L‘^{ds ® dP ® dXk) since Xk{E) < 00 and then we can 
split the stochastic integral w.r.t fik in (13.2011 . Therefore for all z = 1, 


’"(e)l{|,|>i} = (zzf(s,X^" + /3(s,"7C:h",e))-uf(s,%'L"))l{|,|>i|, dP®ds®dA-ae on H x [t, T] x E. (3.23) 


kf 


k-yt,x 


k( kyrt,x 


Step 2: Convergence of the auxiliary processes 

Let us now prove the following convergence results 

E[sup ^k 0 (3.24) 

s<T 

and 


E[sup,<r IF/'- \Zl’-->^Zl’-\^ds + dsJj,Xide)\U!’-ie) -'=17i'"(e)l{|,|> ijp] 0. (3.25) 

where and (F*’^, F*’“, 17*’^) are respectively solutions of the SDE (12.411 and BSDE with jumps (I2.11F 
First let us prove (13.2411 which is rather standard but we give it for completeness. For any s G [0, T] we have: 

[ (6(r,X‘’")-5(r,'=X;’"))dr+ / (a(r,X^’") - a(r,'=X;’"))dH, 

Jo g Jo 

+ f f (/3(r,A:*f,e) - ^(r,'=7f‘f,e)l{|g|>i})/z(de,dr). 

Jo Je 

Next let g G [OjT"]. Since |a + 5 + cp < 3(|ap + | 6 p + |cp) for any real constants a,b and c and by the 
Cauchy-Schwarz and Burkholder-Davis-Gundy inequalities we have: 

e| sup 

^ 0<s<77 ^ 


< 3e| sup I f {b{r, — b{r,'^X*’^))dr\‘^ + sup | f {a-{r, X^’^) — a{r,'‘X*’^))dBr\‘^ 

^ 0<s<7y Jo 0<s<7] Jo 

+ sup I / / (/3(r,X*f,e)-/3(r,'=X*f,e)l{|g|>i})/i(de,dr))|2| 

O^s^T) «/0 E 

< Ce{ r sup {| 6 (T,X‘'")- 6 (T,'=X‘-")p + |a(r,X‘-“)-a(T,'=X‘’")P}dr}} 

^ JO 0 <r<r ' 

+ (7e| [ [ sup |/3(r,7f*’)!,e)-^(T,''X*’i!,e)|^A/c(de)dr+ / [ sup |/3(T,7f*’)!,e)pl{|g|<i}A(de)dr|. 

Wo JE0<T<r' Jo JE0<T<r P ' r/ J 
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But b and a are Lipschitz w.r.t. x and /3 verifies (I2.3ll -('iii. then we have: Vr G [0,T], 


0<r<r 0<r<r 


and 

/£;Supo<^<^ |/3(r,X*’“,e) - e) |^Afc(de) < Csupg^^^^ \Xl'^ /^(l A \e\fXk{de) 

<Csupo<,<,|X‘---'=X‘'-|2 

for some constant C since Afc((l A |ep)eg_E) is smaller than A((l A |ep)eeE) and this quantity is finite. Plug now 
those two last inequalities in the previous one to obtain: 'irj G [0,T], 

e| sup < CEj r sup \Xl'^ -’^Xl'^\^dr + C [ (1 A |enA(de)|. 

^ 0<s<77 ^ ^ -/o 0<r<r 7{|e|<-^} ^ 

Finally by Gronwall’s Lemma we obtain the desired result since /{|g|^ij(l A |ep)A(de) -^k 0. 

We now focus on (IH.25I1 . First note that we can apply Ito’s formula, even if the BSDEs are related to filtrations 
and Poisson random measures which are not the same, since: 

(i) C J-„ Vs < T ; 

(ii) for any s <T, {e)ij,k {dr, de) = /g''{7*’*’'*^(e)l{|g|> i }/i(c?r, de) and then the first {Xg)s<T- 

martingale is also an (J^s)s<j’-martingale. 

Therefore we have: Vs G [0,T], 

-'=C/i’-(e)lpg|> i ||2A(de)}ds] = E[|g(X^-") - 
+2E[/J(f;*’^ X {f{r,Xl^^,Y^’^,Zl^^,Up^) - fk{r,’^Xl’^,>^Y*’\'^Zp^,>^U:{.’^))dr]. 

(3.26) 

First note that by (13.2411 and since g belongs to U and verifies estimates (12.511 then it holds: 

E[|g(y^")-5(^^")|2]^fc0. (3.27) 


Next let us set: 

(/(r, X*’", y/’^ C/^’") - fk{r,^Xl’\'^Y^’\^Zl’\'^Ul'^)) = A{r) + B{r) + C(r) + D{r) 

where, taking into account the expression of / through h (see (12.911 1. for any r G [0,T]: 

(i) Al(r) = (hW(r,X*'",F;‘-",y;-‘-",/g 7 ,(r,X;-",e)C/;’‘’"(e)A(de))- 

hi^{r,'^Xl’^ ,Y^’-, fj^-t,{r,Xl^^ ,e)Up*^^{e)\{de)))i^^^^ ; 

(ii) B{r) = (/^«(r,'=y*’^F;‘’^y;;*■^/g 7 ,(r,X‘’^e)C/;’‘’"(e)A(de))- 

h^^{r,^Xl^-,^Y::’^ , fj^-t,{r,Xl^^ ,e)Up*^%e)X{de)))i=i^^ ; 

(iii) C{r) = (h«(r,'=X*’^,'=y;‘’^,Z*;*’“,/g 7 ,(r,X*’^,e)C/;;‘’“(e)A(de))- 

/g 7,(r, e)C/;;‘'"(e)A(de)))i=i,™ ; 

(iv) D{r) = (h« (r,'=X*’^,'=r;’^,'=Z;’*’=',/g 7 i(r,X;’^,e) [/;;*’“ (e)A(de))- 

/g 7,(r,'=X‘’", e)'=C/;’‘’"(e)Afc(de)))i=i.™. 
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But by (12.611 and (I2.7I1 . we have: Vr S [0,T], 


|A(r)| < ^(l + \X*’^\P + -^Xl^% \B{r)\ < and IC^I < |Z‘’“ (3.28) 

where C is a constant. Finally let us deal with D{r) which is more involved. First note that D{r) = {Di{r))i-i^m 
where 

D,{r) = 7,(r, e)17;’*’=^(e)A(de))- 

7i(r,'=X‘'^, e)'=17;;‘’^(e)Afc(de)). 

But as is Lipschitz w.r.t to the last component q then 

|A(r)|2 <C{/^|7,(r,X;--,e)C/;;*>-(e)-7i(r,'®X;’",e)'=C/;;*'-(e)lp,|>i}|A(cie)p 


< 


C{ {/^ |7. (r, X*'-, e) - 7^ e) 11(e) | A(de)}2 

+{/^ |7,(r,'®X‘.-,e)||C7;;‘'ne) - i j|A(de)p} 


< C{(1 + \X*-^\P + \'Xl^^\P)\Xl^^ -^X*’^\ f^(l A |e|)|C/;;*>"^(e)|A(de)}2 
+Cf^ lUp*’-(e) - 'T/;^‘'ne)l{|,|>i}pA(de). 

The last inequality follows from the properties (I2.8l) -('i'l. (ii) satisfied by 7 i and Cauchy-Schwarz inequality. Next 
going back to (13.261) and arguing as in the bulk of the proof of Proposition 13.11 we deduce the existence of a 
constant C > 0 independant of k such that: 

E[|yq. \ul’-ie) -^17‘>-(e)l{|,|> r }pA(de)}ds] 

< CE[\g{X^^^) - + CE[/J -’^Y}^^\’^dr] + C'E)/^^(1 + \Xp^\P + \'Xl’^\P f\Xl’^ -'^AT^’^pdr] 

+CE[/„^ dr{(l + + |e|)|17;;*’-(e)|A(de)}2],Vs S [0,T]. 

(3.29) 

But 

E[|(7(X^") -5(^^")|2] +E[/o^(l + |X‘""|P + |^‘■"|P)2|A^;.- ->^Xl’-\'^dr] 0 

and 

E[/p^ dr{(l + \X*’^\P + \^l^^\P)\Xl’^ 4(1 A |e|)|174’"(e)|A(de)}2] 0. 

Let us focus indeed on the first convergence. Obviously the first term converges to 0 because g belongs to lA and 
verify estimates (12.51) uniformly and by (I3.24p . For the second term we have: 

E[/o^(l + \Xl’^\P + \>Xp^\P)^\Xp^-f^Xp^l^dr] 

< E[sup^<T \Xl’^ fj'il + \Xl’^\P + \^l^^\Pf\Xl’^ -^Xl^^\dr] 

< {E[sup,<T \Xl’^ -'®X‘'"|2]}4e[(/p^(1 + \X*’^\P + pCl^=^\Pf\Xl’^ -'=X‘’"|dr)2]}i 

But the hrst factor in the right-hand side of this inequality goes to 0 when fc —oo due to (13.2411 and the second 
factor is uniformly bounded by the uniform estimates (1^ of and 

For the second convergence, it is a consequence of (I3.24L the fact that verifies estimates (12.511 uniformly, 
the Cauchy-Schwarz inequality (used twice) and finally (13.IF Then by Gronwall’s Lemma we deduce first that 
for any s < T, 

E[|F;’" 0 
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and in taking s = t we obtain u^{t,x) -^k u{t,x). As {t,x) G [0,T] x is arbitrary then u pointwisely. 

Next going back to (13.291) take the limit w.r.t k and using the uniform polynomial growth of and the Lebesgue 
dominated convergence theorem as well, to obtain: 

E[^^^|C/*’"(e)-'=C/*’"(e)l{|,|>i}pA(de)}ds] 0. (3.30) 

Step 3: Conclusion 


First note that by (13.221) and the pointwise convergence of {u^)k to u, if {xk)k is a sequence of which converges 
to X then {u^{t,Xk))k converges to u{t,x). Now let us consider a subsequence which we still denote by {k} such 
thatsup,<r ^k 0,P-a.s. (and then 0 since < sup,<r 

By p.24l) . this subsequence exists. As the mapping x !->■ I3{t,x,e) is Lipschitz then the sequence 


{ui{s, Xgf + /3(s, Xl’^, e)) — Ui{s, Xl’^)), cflP (8) ds 0 dA — ae on SI x [t, T] x E. 
for any i = 1,..., m. Finally from (13.301) we deduce that 


(3.31) 


Ul’^{e) = (u(s, X\’^ + /3(s, e)) — m(s, X\’^)), dP 0 ds 0 dA — ae on S2 x [t, T\x E 


which is the desired result. 


Remark 3.4. In order to prove the final step we do not need to use the property LI.2S\} satisfied by u^. Instead, 
we only need that for any sequence {xk)k which converges to x, the sequence {u^{t,Xk) — u\{t,x))k converges to 0 
and {u\{t,x))k>i converges to Ui{t,x) pointwisely. This point plays an important role in the proof of uniqueness 
of Theorem \4.2\ ■ 


4 The main result 

We are now ready to give the main result of this paper. Before doing so we recall the notion of viscosity solution 
we deal with. This definition has been more or less introduced in [7]. 

For (j) G C^’^([0,T] X R^), let us denote by C^(j){t,x) the differential-integral generator associated with the 
jump-diffusion process introduced in (1^ and which is given by: V(t,a;) G [0,T] x R^', 

C^(j){t,x) := b{t, x)^Dxfiit, x)+ 

|Tr(CTCT^(t, x)D‘^,^(j){t, x)) + ^^{4>{t, X + /3(t, x, e)) — (j){t, x) — fi{t, x, efi' x)}A(de). 

Definition 4.1. A family of deterministic functions u = (M*)i=i,m) such that, for any i G {1,..., m} u® : {t, x) G 
[0,T] X R^ I—>■ u^{t,x) G R belongs to the class 14, is said to be a viscosity sub-solution (resp. super-solution) of 
the IPDE D.ll) if: Vf G {1, ..., m}, 

(i) Vx G R^, u^{T,x) < g^{x) (resp. u^{T,x) > g^{x)) ; 

(a) For any {t,x) G (0,T) x R^ and any function (p of class C^’^([0,T] x R^) such that {t,x) is a global maximum 
(resp. minimum) point of and (yd — 4>)(t,x) = 0, one has 

-dt4>{t,x) - C^4>{t,x) - h'^''\t,x, (u^ (t,x))j=i^rn,o-^ (t,x)Dj,4i(t,x),Biu\t,x)) < 0, 

(resp. 

-dt4>{t,x) -C^4>{t,x) - h'^''\t,x,(u^ {t,x))j=i^rn,o-^ (t,x)Dj,4i(t,x),Biu\t,x)) > 0). 

The family u = (u^)i=i^m is a viscosity solution of E2P if it is both a viscosity sub-solution and viscosity 
super-solution. 
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Let us mention here the main difference with the classical definition of viscosity solution of (du by Barles et 
al. d] (see Definition 15.21 in Appendix). In our definition we keep Biu'^{t,x) which is defined since while 

in d] it is replaced with Bi(j)(t,x) where is the test function. This is one of the main reasons for which in [5], 
the authors have required monotonicity conditions (a)-(b) related to the functions (7i)i=i,m and On 

the other hand note that when, for any i = 1,..., m, does not depend on BiU^(t, x) those definitions coincide. 


We are now ready to state the main result of this paper. 

Theorem 4.2. Assume that Assumptions (HI )-(H2) are fulfilled. Then the m-tuple of functions defined 

in is the unique viscosity solution of system U.l\) according to Definition \4-l\ 


Proof. Step 1: Existence 

Let us consider the following multi-dimensional BSDE: 

Y:= G := G := G n^LliX)); 

Vz G {1,..., to}, and Vs < T, 

dYf" = -hW(s,Xi--,Y/,Z®;*’",/^7,(s,A‘>-,e)K(s,X*L" + /3(s,X*L",e))-u®(s,A^")}A(de))ds 
pZf^^dBs + \lf’"{e)fi{ds, de). 

(4.1) 

Since for any * = 1, ...,to, u® belongs to U, fi{t,x,e) and "fi{t,x,e) verify respectively (12.51) and (12.81) and finally 
by Assumption (H2) we have: 

(i) the mapping (y, z) i-)> hW(s, A*’"®, y, z,/g. 7 i(s, e){u®(s, -h/3(s, , e)) - u\s, Xl'fi)}X{de)) is 

uniformly Lipschitz ; 

(ii) the process (h(®)(s, 0,0, 7i(s, A*’^, e){u®(s, X*’fi + /3(s, X*’fi,e)) — ufis, Xg’fi)}X(de)))s<T is ds0dF- 

square integrable. 


It follows that the solution of this backward equation dSI) exists and is unique by Proposition 12.II (see Remark 
dID- Moreover, as the process A‘’“ is ROLL then the set of its discontinuous points on [0, T] is at most countable. 
Therefore P — a.s., for any s < T, it holds 


/Jh(®)(r,A}>^Y‘’^Z}^‘■^47,(r,A 

/J h(®)(r, A}’-, Y*’", Z}■‘’^ 7,(r, A}-- 


}'-,e)K(r,A}f+ /3(r,A:f 
e){ufir,Xl’^ + 


, e)) — u^^r, Xl’fi)}X{de))dr = 
fi{r, Xfi^, e)) - u\r, Xfi^)}X{de))dr. 


Next as for any i = 1,...,to, u® belongs to U, then by Proposition 12.21 there exists a family of deterministic 
continuous functions of polynomial growth (u®)i=i,m such that for any {t,x) G [0,T] x R^, 

VsG [t,T], Y®;‘’"=u®(s,A‘-"). 


Einally, again by Proposition 12.21 the family (u®)i=i^m is a viscosity solution of the following system: 

{ -(9tu®(t,a;) - b{t,x)^D,c-!T{t,x) - \Tr{aa^{t,x)D‘l,^-af{t,x)) — Kfif{t,x) 

-h'''-\t,x,{-a>{t,x))j=i^m,{(T^DxAf){t,x),Biufit,x)) =0, {t,x) G [0,r] x R'®; (4.2) 

u®(T,x)=y®(x) 

Note that in this system (021), the last component of h*^®i is BiU^{t,x) and not Biu((t,x). Next and once more, 
let us consider the system of BSDEs by which the family (u®)i=i^m is defined through the Eeynman Kac’s formula 
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ft,. _ e 52(R-), Z*-" := (Z*;*’")i=i.^ G := (C/*;*’")i=i.^ G n^iLl{X)); 


< Vi G {1,... ,m}, = g’'{X^^) and Vs < T, 

^ _/j(i)(s^ Yf^, 7,(s, X‘'"=, e)Ul’*'^{e)Xide))ds + Z^f’^dB, + Ul’*’^{e)fl{ds, de). 

(4.3) 

But by Proposition 13.31 we now that for any i = l,m, 


=u\s,Xl’f + l3is,Xl’^,e))-u\s,Xlf), ds Z) dF Z) dX on [t,T] xnxE. 


Vo 


Plug now this relation in the first term of the right-hand side of the second equality of (14.31) . one obtains, by 
uniqueness of the solution of the BSDE (14.IL that for any s G [t,T] and i G {1, ■. ■ ,to}, . Thus 

for any i G {1,... ,to}, m® = u®. Henceforth, the family {vX)i=i,m is a viscosity solution of (11.11) in the sense of 
Definition oi 


Step 2: Uniqueness 

We now show uniqueness of the solution in the class U. So let be another family of U which is 

solution of the system dm in the sense of Definition 14.11 and let us consider the following system of BSDEs: 


ft.x _ g 52(R”®), := G H2(K®®®x-i), t7‘>" := G n^LliX))-, 

Vi G {1,... ,m}, = 5 ®(Xy^) and Vs < T, 

Jfr,t,. ^ 7 ,(s, x*’f e){h®(s, + /?(s, X‘ 7 ", e)) - u®(s, Y*L")}A(de))ds 

YZ^’^^^dBs + U:’*’"(e)/l(ds, de). 

(4.4) 

As for the BSDE (14.IL the solution of the BSDE (14.41) exists and is unique since (12®)*=!,™ belong to U. Moreover 
there exists a family of deterministic continuous functions (u®)i=i,™ of class Hg such that 


VsG [t,T], Yf^^^ =E{s,Xl^^). 


Additionally, by Proposition 12.21 (v®)i=i,m is the unique solution in the subclass H^ of continuous functions of 
the following system: Vz = 1,..., m. 


{ —dtV^{t,x) — b{t,x)~'^Dj:vft,x) — iTr(crcr^(t, a;)D^,j,v®(t, x)) — Kv^{t,x) 

-h^^'>(t,x,ivft,x))j=i^rn,icr^Dj:V")(t,x),Biuft,x)) =0, (t,x)G [0,T]xK'®; (4.5) 

x®(T,x) = 5 ®(x). 

But, the family (lt®)i=i,™ belongs to H^ and solves system (H31) . Therefore, by the uniqueness result of Proposition 
12.21 one deduces that H® = x®, Vz = 1, ...,m. 

Next we are going to show that on [t, T] x il x E, ds (Z dF ^ dX-a.e we have: Vz = 1,..., m, 




= x®(s, + Pis, Xl’^, e)) - x®(s, Y‘l") 

= 1z®(s,Y‘l" +/3(s,X‘L^e)) -lz®(s,X‘7"). 


(4.6) 
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The second equality is trivial once the first one is proved. 

Note that we cannot use the result of Proposition 13.31 as we do not know whether or not the function 
X !->■ h^'^\t,x,y,z) = h^^'>{t,x,y,z,BiU^{t,x)) belongs uniformly to U. However the function {t,x) !->■ BiU^(t,x) 
is continuous and belongs to Hg, since u* belongs to U and thanks to the properties (1^ and (1^ on /3 and 
respectively. 

We are going to make use of the hint of Remark 13.41 Let {xk)k>i be a sequence of which converges to 
X G and let and be the processes defined by (13.191) when the initial conditions are Xk and x 

respectively. Next let us consider the two following BSDEs (adaptation is w.r.t 

fk,t,x g 52(K™), := G := G {Ll^{Xk))] 

V* G {1, . . . , to}, ^ rp^ 




(4.7) 


First by continuity and as in the proof of Step 2 of Proposition 13.31 for any i = 1,...,to, one can check that 

converges to in52(R) x xn^{L^{\)). Next let 

iiv’^)i=i,m)k>i be the sequence of continuous determinstic functions such that for any t <T and s G [t,T], 


Y^pk-t,x ^ and = uf (s,'=X*’^'“), 


Vz = l,.... 


m. 


Note that the function uf belongs uniformly to Hg, i.e. there exists a constant C which does not depend on k 
such that |uf(t,x)| < (7(1 + |x|'’), V(t,a;) G [0,T] x for some p > 0. On the other hand, for any i = 1,...,to, 
we have: 

(i) the sequence {vf{t,x))k>i converges to v^{t,x) ; 

(ii) =uf(s,'=Xf(( + /3(s,'=X*((,e)) -uf(s,''X‘:}), ds O dP O dAfc-ae on [t,r] xVLxE. 

Now using Ito’s formula and the properties satisfied by we obtain for some constant (7 > 0: 

jJ - Z^^*’=^\^ds + /J 4 - t7^*’^(e)|2Afe(de)] 

< (7]E[|p('=7f^“'“) - 5('=X^“)|2] + (7E[//’ - Yj^^*’^\^dr] 

+(7E[/J + \Xp^>^\P + \Xl'^>‘\P)\ 

+<^Ei=i,mE[/J - B,u\r,^Xp-)\’^dr], Vs < T. 

Next using Gronwall’s inequality and taking s = t to obtain: Vi = 1, ...,to, 

|z;f(t,Xfe)-uf(t,x)|2 < 

< (7E[|p(''X^^'‘)-5('=7f^^)|2]+(7E[/f -^Xp^\{l + \Xl^^>‘\P+ \Xl^^<^\P)\ 


+CY.i=i,mmt - H,u*(r,'=X}’")|2dr]. 


(4.8) 
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Finally using the estimates (ESI) satisfied by and since the function {t,x) BiU^{t,x) is continuous and 
belongs to Ilg to deduce that the right-hand side of (14.81) converges to 0 as A: —>■ oo. Henceforth the sequence 
{vf{t,Xk) — vf{t,x))k converges to 0 as fc —>• oo for any i = Consequently by Remark EH and (i)-(ii) 

above we have, for any i = 1,m, 

= u®(s, Xl’^ + (3{s^ Xl’^, e)) — n*(s, Xl'^), ds 0 dP 0 dA — a.e. in [t, T] x x E. (4-9) 

which is the desired result. 

We now come back to the issue of uniqueness. Replacing in (14.41) the quantity 
u’’{s,Xl’^ + /3{s,Xl’^,e)) — u’’{s,Xl’^) with C7]’*’“(e), we deduce that the triple verifies: Vz G 

f and Vs < r, 


^ {e)X{de))ds + U^’^’-{e)fi{ds, de). 

(4.10) 


It follows that 


Vz G {!,..., m}, 


since the solution of the BSDE El is unique. Thus for any z G {1,..., m}, u‘ = u‘ = n* which means that the 
solution of El in the sense of Definition El is unique inside the class U. M 


5 Extensions 


A) Let us assume that for any z G {1,..., m} the functions have the following form: 

y{t,x,y,z,C) G [0,T] X R'" X x L'^{X), f^^\t,x,y, z,C) = h^"\t,x,y,z, ||CIIl2(a)) 

where the functions {h^^'^)i-i^rn are the ones defined in Section 2. Under Assumptions (H1)-(H2) on (/z^*^)i=i,m 
and and by Proposition 12.11 (see also Remark 12.11) for any {t,x) G [0,r] x there exists a unique 

solution Z^’^, U*’^) of the following BSDE with jumps: 

ft,x _ g 52(R™), y*-- := G g H^Ll^iX))- 

Vz G {1,..., m}, = g^{X^^) and 

dY:’*’- = ||C/f’"|U 2 (A))ds - Zl’*’-dBs - ■"(e)/z(ds,de), Vs < T. 

(5.1) 

Next by Proposition 12.21 there exist deterministic continuous functions (u*(t, a:))i=i,m which belong to H^ such 
that for any (t,x) G [0,T] x R^, the solution of the BSDE (12.111) verifies: 

VzG m}, VsG[t,T], U;-*’" = u*(s,A‘>"). (5.2) 

Moreover, one can easily show that the functions (u*)i=i,m belong to U and in the same way as in Section 3 
the processes := (17*’*’^)i=i_m of the BSDE with jumps (15.11) are linked to the functions (u*)i=i,m by (|3.3I) . 
Finally by the same method as in the proof of Theorem 14.21 we obtain: 

Theorem 5.1. Assume that Assumptions (HI )-(H2) are fulfilled. Then the m-tuple of functions {E)i=i,m defined 
in i5.2\) is the unique viscosity solution in the class lA of the following system of IPDEs: Vz = 1,..., m, 

—dtuf{t,x) — b{t,x)^ DxE{t,x) — ^Tr(crcr^(t,x)D^ 3 ,M*(t, x)) — Kuf{t,x) 

-h^^^t, X, {uP {t, x))j=i^rn, Da;E){t, x), BiE {t, x)) = 0, (t,x) G [0,T] x R'^; (5.3) 

E(T,x) = g^{x), 
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where for any {t,x), Bi 2 f{t,x) is given by 

x) = {/g \ vf(t, X + I3{t, X, e)) — vf{t, a;)pA(£ie)}5. (5.4) 

Note that the definition of the viscosity solution of (15.31) is the same as the one given in Definition 14.11 but 
with the new expression of Bi]f{t,x) given by (15.41) . 

According to our best knowledge, viscosity solutions of IPDEs of type (15.31) have not been considered yet. ■ 


B) In this study we have considered only standard IPDEs but our main result in Theorem 14.21 can be obtained 
for an IPDE, say, with one obstacle of the following type (m = 1): 

{ min — £{t,x); —dtu^(t,x) — b(t, x)^ {t, x) — ^TT(^aa^ (t,x)D^^u^(t,x)) 

—Ku^{t, x) — {t, X, u^{t, x), {a^Dj;U^){t, x), Biu^{t, a;))| = 0, {t, x) € [0, T\ x (5-5) 

u^{T,x) = g^{x) 


as far as, additionally, appropriate assumptions are assumed on the obstacle 1. Mainly one should moreover 
suppose that £ belongs to class U and £{T,x) > g^{x). 

The general reflected BSDE with jumps associated with IPDE with obstacle (15.5|) . whose solution is a quadru¬ 
ple {Y*’^, is the following one: 

' e 52(K), e e H'^{L^{X)) and £s:*’"^continuous non-decreasing and = 0 ; 


dYf’- = -f{s, Xl’-, Yf^-, Zl^-, Ul’-)ds - dKl^- + Zf-dBs + /g de), s < T; 


Yf’- > £(s, Xl’-), s < T and {Yf’- - £{s, Xl’-))dKl’- = 0 ; 




(5.6) 


where (f, x) G [0, T] x is fixed. We know that there exists a deterministic function which belongs to 11° 
such that: V(i,x) S [0,T] x K^, 

ysG[t,nY*’- =u\s,Xl’-). (5.7) 

For more details one can see e.g.[ 8 ]. In the case when A is hnite, the IPDE with obstacle (15.51) is already considered 
in [7] without conditions (a)-(b) on 71 and The solution is given by of ()5.7I) . In a forthcoming work we 
will deal with the case of a general Levy measure without assuming X{E) < 00 . M 


Appendix: Barles et al.’s definition for viscosity solution of IPDE (11.11) 

In the paper by Barles et al. [2], the definition of the viscosity solution of the system dnD is given as follows. 

Definition 5.2. We say that a family of deterministic functions u = (vd)i=i^m, defined on [0,T] x and R™- 
valued and such that for any i G { 1 , ■. ■ ,rn}, u* is continuous, is viscosity sub-solution (resp. super-solution) of 
the IPDE if, for any i G {!,..., m}: 

(i) Va; G R^, u^{T,x) < g^{x) (resp. u^{T,x) > g''{x)) ; 

(ii) For any {t,x) G (0,T) x R^ and any function of class C^’^([0,T] x R*^) such that {t,x) is a global maximum 
point of — (j) (resp. a global minimum point of u'^ — (f) and (u* — 4i)(t,x) = 0, one has 

-dt4>{t,x) -C^4>{t,x) - {t,x,{u^ {t,x))j^i^rn,(y^{t,x)Dj,(j){t,x),Bi(j){t,x)) < 0 


20 




(resp. 


-dt(j){t,x) -C^(j){t,x) - h^''>{t,x,{u^{t,x))j^i^rn,(y^{t,x)D^4>[t,x),Bi4>{t,x)) > 0). 


The family u = (M*)i=i,m is a viscosity solution of eny if it is both a viscosity sub-solution and viscosity super¬ 
solution. M 
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